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Exercise 3

Show directly from (3) that the boundary condition is satisfied: u(xq, yo, 20) = h(xo,yo) as
zp — 0. Assume h(z,y) is continuous and bounded. [Hint: Change variables
s = [(z — z0)? + (y — y0)?] /23 and use the fact that [;° s(s* + 1)=3/2ds = 1.]

Solution

The solution to the half-space problem,

Au=0 forz>0
u(z,y,0) = h(z,y),

is given in equation (3) of the text.

h(z,y)
w(xg, Yo, 2 dxd
w(®0, 90, 20) / / (@ —20)2 + (y —yo)? + 252 Y

Switch the roles of (xg,yo, 20) and (z,y, 2): Now (x,y, z) is the point we’re interested in
evaluating u at, and (xg, yo, z0) is a point in the integration space.

h(.’Eo,yo)
— dxod
U2 27F/ / 0 — )2 + (yo — )2 + 22372 “TO N0

Make the change of variables,

To — T = roz cos by

Yo — Y = Toz sin by.

The resulting Jacobian is

Oxg  Oxg .
d(wo,y0) _ |oro 00 _|zcosby —rozsinfy| o 2 2402 B — s
EYSwrRer P = 0o 9 = rgz” cos” Uy + roz” sn” g = roz”7,
(1o, 6p) G0 Su zsinfy Tz cos b
0 0

which means u becomes

o 22 d’l“() d@()

2 oo h(z + roz cos by, y + oz sin bp)
u(w,y, 2) = S AT

roz cosfp)? + (roz sinfp)? + 22]3/2
2w oo h(z + rozcos by, y + roz sinbyp)
/0 /0 (ré22 cos? 0 + r2z2sin? Oy + 22)3/2

I o0 b (x4 1oz cos By, y + o2z sin )

I o0 h(x 4 1oz cos by, y + oz sin )
A A

I o0 h(x 4 1oz cos g,y + oz sin )
I EE

To 22 d?”o d@o

roz2 dro dby

7'022 d?“() d90

T0 dT’o d90.
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Now take the limit of both sides as z — 0.

. 2 x+rozcosﬁo,y+mzsm90)
il_l%u(x,y, = ll_I}%) 271/ / (2 + 1572 ro dro dbo
2 h(z + rozcosby,y + roz sinby)
/ z—>0 (7’(2) T 1)3/2 To dT’O d90
h(z,y)
= — ————rgdrgdb
27r ; /0 T+ )3/2r0 ro dbo
h(z,y)

21 [e¢) 1
= ——————1odrgdf
o /0 ] (7”(2) n 1)3/2 To arg abp

_ h(x,y) /27r /OO 70
- 2r <0 o 0 (7"3+1)3/2dr0

ro = tan ag

Make the substitution,

drg = sec? ag dag,

in the ro-integral.

h(z,y) /tan_l(oo) tan ag 9
2m sec” ag dov
27 (2m) tan—1(0) (tan? ag + 1)3/2 070

/2 tan o
= h(«x, — 7 sec® o da

™/2 tan o
= h(:z,y)/ TO sec? ag dag
o sec3ap

li =
Z1_1>r(1) u(zx,y, z)

w/2
= h(z,y) / tan o cos o dovg
0

w/2
= h(z,y) / sin o dovg
0

=1
= h(z,y)
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